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LATTICE POINTS IN UNBOUNDED POINT SETS 
II. THE n-DIMENSIONAL CASE 
BY 
C. G. LEKKERKERKER 
(Communicated by Prof. J. F. KoKSMA at the meeting of November 30, 1957) 
4. Genera-lizations for n-dimensional point sets 
In the following n is a fixed integer ~ 2 and Vis an arbitrary Lebesgue 
measurable set in the n-dimensional Euclidean space Rn of points 
x=(xv x2, ... , xn)· We shall use vector notation. Further, n points 
x(l), x(2l, ... , x(n) in Rn will be called independent if they do not lie in an 
(n-1)-dimensional hyperplane through the origin 0. 
Our aim is to generalize the theorems l-4. In doing this, instead of the 
set of multiples of a number x > 0, we shall have to do with the set of 
all points x of the form 
where {x(ll, x(2l, ... , x(nl} is any system of n independent points and 
~. u2, ... , un take all integral values. In other words, we shall have to 
do with lattices 1\, with an arbitrary basis {x(l), x(2l, ... , x(nl}. We adopt 
the following notations : 
0/1 =lattice of the points with integral coordinates 
X= matrix with columns x(ll, x(2l, ... , x(n); such a matrix may also be 
considered as an affine transformation of Rn. 
Then the lattice 1\ with basis {x(1', x(2l, ... , x(nJ} can be written in the form 
1\ =XOlt. 
For what follows we have to define measure and integration in the set 
of lattices. This was done by SIEGEL [4] in the following way. Let Q 
be the set of all n X n matrices with determinant > 0, and let T be the 
set of all integral unimodular matrices in Q. Two lattices /\ 1 =XOlt and 
1\ 2 = YO/I, where X, Y E Q, are identical, if and only if there exists a 
matrix C E r such that X= YC. Hence the set of all lattices can be 
identified with the factor space QjF. As a fundamental region of Q 
with respect to r one can take the set of matrices X E Q, for which 
the positive quadratic form with coefficient matrix S =X' X is reduced 
in the sense of MrNKOWSKL Let us denote this region by G, and by G* 
the set of matrices X E Q with X E G, det X= l. The Euclidean metric 
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in the n2-dimensional space of all n x n matrices X induces a measure 
in G. Further, if G is the set of matrices X E Q with X E G, det X~ 1, 
then the (n2 -1)-uple integral of some function F(X) over G* is given by 
( 15) f F(X)dX = n 2 f F(idetX!- 11nX)dX. 
G' 
The integrals in (15) can be interpreted as integrals over certain sets of 
lattices. It now has a sense to make "almost all" or "almost no" state-
ments about lattices. SIEGEL proves that the (n2 -1)-dimensional volume 
of G*, given by the integral (15), if one takes F(X) == 1, has a finite 
value, v say (the quantity v can be computed explicitly). Next, he proves 
Theorem 7. Let f(x) be a bounded, Riemann integrable function on Rn 
vanishing outside some finite region. For arbitrary X E Q, let F(X) = 
= .IuE"ll f(Xu). Then one has 
(16) f F(X) dX = v f f(x) dx. 
G' 
From (16) one can immediately derive a similar relation for the integral 
of F(X) over G or tG, where t>O. For if we put 
f(ty) = g(y), L g(Xu) = G(X) (t>O), 
uE"ll 
then we have 
f f(x) dx = tn f g(y) dy, G(X) = F(tX), 
Rn En 
f F(X)dx = tn'- 1 f G(Y)dY. 
tG' G' 
Hence, applying (16) to g(y), we get 
f F(X) dx = tn'- 1 v f g(y) dy = tn'-n- 1 v f f(x) dx. 
tG• Rn En 
Hence, 
t v (16') f F(X) dX = f sn'-n- 1 ds · v f f(x) dx = - 2- tn'-n f f(x) dx. 
tG o Rn n -n 14. , 
We now can state and prove the following generalization of theorem 1': 
Theorem 8. Let f(x) be a non-negative, Riemann integrable function, 
defined on Rn- Suppose that fR f(x)dx < oo. Then for almost all lattices 1\ 
n 
one has Lreer- f(x) < oo. 
Proof. Let N be a large positive number and let t be a positive 
number. Let lxl=max lxil, if x=(x1, x2, ... , xn), and put 
f f(x) if lxl :s:: N f f(x) dx = y (so that y < oo), fN(x) = l . -
Rn 0 if lxl > N, 
FN(X) = L fN(Xu) (X Ef2). 
uE"ll 
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In virtue of the relation (16') 
I FN(X)dX =-:-- tn'-n I fN(x)dx ~ r-:- tn'-n. 
tG n -n Rn n -n 
Now FN(X) is a steadily increasing function of N. Hence we have 
lim I FN(X)dx ~ r-:- tn'-n, 
N->oo tG n -n 
where the limit on the left exists. Next, in virtue of the monotony of the 
sequence {FN(X)} and a well-known property of Lebesgue integrals 13), 
I lim F N(X) dX = lim I F N(X) dX. 
tG N->00 
It follows that lim F N(X) = F(X) is finite almost everywhere m tG. 
N-+oo 
SinceF(X)=!uE<fff(Xu)=,2,.,E 11 f(x), if /\ =Xcpf, and t>O is arbitrary, 
this proves the theorem. 
Next, we generalize theorem 2'. Here our considerations will involve 
a reasoning similar to a reasoning of DAVENPORT and RoGERS [5] in 
their work on the theorem of MrNKOWSKI-HLAWKA 14). We have the 
following 
Theorem 9. Let f(x) be a non-negative, Riemann integrable function, 
defined on Rn- Suppose that IR f(x)dx=oo. Then the set of lattices 1\ such that 
n 
! f(x) = oo 
reEfl 
is everywhere dense in the region G of all lattices. Also, the set of lattices 1\ 
which have this property and, in addition, have determinant 1, is everywhere 
dense in G*. Finally, both sets have the power of the continuum. 
Proof. If 'YJ is any positive number <n/2, then we can cover Rn by 
finitely many cones with vertex at 0 and semi-angle 'YJ· So for almost 
all ( n- 1 )-dimensional planes H through 0 there exist a vector z # 0 
and a positive number 'YJ, such that the cone t'f5 with vertex at 0, whose 
axis falls along the vector z and whose semi-angle is equal to 'YJ, has 
the following properties: 
1 o. 0 is the only point of intersection of H and '(/. 
2°. The integral Ire f(x)dx diverges. 
Actually, this holds for all (n-1)-dimensional hyperplanes through 0, 
with the possible exception of those containing a fixed point z# 0. 
Let H =H0 be any particular (n-1)-dimensional hyperplane through 0 
13) Cf. e.g. A. C. ZAANEN, Linear Analysis, Amsterdam Groningen 1953, Ch. 3, 
§ 3, Theorem 2 (p. 43). 
14) Apart from the inequality sign, the subsequent formula (20) is very similar 
to lemma 1 in the paper cited. 
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for which there exists a cone 1/&', such that 1° and 2° hold. Choose in an 
arbitrary way n-1 independent points x(l), x(2l, ... , x(n- 1l in H0• We 
shall prove that the set of points x(nl ¢: H0 such that 
(17) L f(x) = oo if X= (x(1l,x(2l, ... ,x(nl) and J\ = XOII 
XEA 
is everywhere dense in Rn. 
It is trivial that it suffices to prove the italicized assertion in the case 
that f(x) vanishes outside 1/&'. Further, this assertion and the conditions 
of the theorem are not affected if one subjects x, the points x(1l, x(2l, ••. , x(n - 1 l 
and the plane H0 to any affine transformation of Rw Then it is no loss 
of generality to suppose that H0 is the plane xn=O, that x(l), x(2l, ... , x(n- 1l 
are the n-1 unitpoints en>= (1, 0, 0, ... , 0), e(2l = (0, 1, 0, ... , 0), ... , e(n- 1> = 
= (0, 0, 0, ... , 1, 0) and that f(x) vanishes outside a cone 
where (32 is some positive number. This cone intersects each hyperplane 
Xn=a(a>O) in a bounded set, viz. a circle with radius fJa. 
Now consider the integral 
By the theory of Riemann integrals, if A is any positive number, this 
integral exists for all a with 0 <a< A, except for a set of Jordan measu~e 
zero 15). Thus, by (18), the quantity V(a) is defined for all a> 0, apart 
from a certain exceptional setS, which on each finite interval has Jordan 
measure zero. It is convenient to put 
(18') V(a)=O if a EB. 
The function V(a), thus defined, is ~0 for all a>O. Also, by the theory 
of Riemann integrals, ·this function is Riemann integrable and we have 15) 
f f ... f f(xvx2, ... ,Xn-1,xn)dx1dx2 ... dxn-1dxn 
xn;;:;;a 
f f ... f f(x1,X2, ... ,xn-1>xn)dx1dx2 ... dxn-1dxn 
xi +x~+ ... +~-1 ;;::;,82~ 
xn;;:;;a 
a 
= f V(y)dy (a> 0). 
0 
Then, in virtue of our hypotheses, the last integral tends to infinity for 
a --+ oo. In other words, 
00 
f V(y) dy = oo. 
0 
1•) See E. W. HoBSON, l.c., § 362 (p. 509-516). 
14 Series A 
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Then it follows from theorem 2', in virtue of the properties of the 
function V(a) just derived, that the set of numbers ~X>O for which 
00 
(19) ! V(miX) = oo 
m=l 
is everywhere dense on the interval (0, oo). 
Next, take an arbitrary point {j = Uiv {}2, ... , {j,.) with {j,. > 0 and let e 
be a positive numbers < {j,.. Let iX be a positive number with I{J,.- lXI < e, 
such that (19) is valid. Further, let g be an arbitrary point of the form 
g= (gv g2, ... , Yn-v iX), such that 
IYi-{Jil ~ e (i=1, 2, ... , n-1). 
We consider the sum LXEA(ul f(x), where 1\ (g) is the lattice with basis 
{e(l), e(2>, ••• , e(n-1>, g}. We h!'Lve 
00 
L f(x) = /(0) + L Sm(YvY2, ... ,gn-'1), 
xEA(g) m=1 
where 
For each m, the number of non-vanishing terms in the last sum is finite, 
since the intersection of ct' and the plane x,. =miX is a bounded set. 
Integrating with respect to Yv g2, ••• , g,._1 and putting [me J = km we find 
g1+s Yn-l+s 
J ··· J Bm(gl, ... ,g,._1)dgl ... dg,._1 
g1-e Un-l-B 
me me 
= m-n+l f ··· f 
-me -me Ut.UJ·-··•nn-1 
k,. k., 1. 1 
~ m-n+1 f ... f = (2kmfm)n-1 f ... f 
-k,. -k,. 0 0 
00 00 
(2kmfm)"-1 f ... f f(m{j1 +xvm{j2+x2, ... ,m{j,._1·+x,._1,miX) • 
-co -co 
· dx1 dx2 ... dx,._1 = (2km/m)"- 1 V(miX), 
provided that the number miX does not belong to the exceptional set S. 
Hence, using (18') and taking the lower integral of 
00 
S(gvg2, ... ,g,_l) = L Sm(gl,g2, ... ,g,._l) 
m=1 
U'1 +s 'Yn-1+6 oo 
(20) J .. · J S(gv g2, · · · g,._1) dgl dg2 · .. dgn-1 ~ L (2kmfm)n-1 V(miX) 
fh e Un-1-e m=1 
and so, by (19), this lower integral is infinite. 
16 ) Though S(g1, g2, ••• , g,._ 1 ) m"ay be infinite for one or more sets (g1 , g2 .... , g,._ 1 ). 
this lower integral is defined without ambiguity, since we have w do with 
non-negative functions only. 
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It follows from the last result that the coordinates gv g2, ... , gn_1 can 
be chosen in such a way that jgi-!lil~s (i=1, 2, ... , n-1) and that 
S(gv g2, ••• , gn_1 ), and so also !.,EA<ul f(x) is infinite. From this, by the 
arbitrariness of the point g and the number s, our assertion follows. This 
implies the first clause of the theorem. 
We have even proved that there exists an everywhere dense set of 
numbers cx > 0, V say, with the following property: for cx E V, the set of 
points g= (gv g2 , ••• , gn-v cx) for which the lattice 1\ (g) has the property 
desired is everywhere dense in the plane xn = cx. This means, that for 
every plane H0 and each set of points x(l), x<2l, ... , x<n-1) in H0 there 
exists an everywhere dense set V' of numbers cx > 0 with the following 
property: if, for a> 0, H a denotes an ( n- 1 )-dimensional hyperplane, 
which is parallel to H 0 and has distance a to H 0, then the set of points 
x<nl for which ( 17) holds is everywhere dense in each plane H"' with cx E V'. 
This set V' only depends on Hi!, but does not depend on the positions 
of the points x<ll, x<2l, ... , x<n-1) in the plane H0. From these two facts 
the second clause of the theorem follows. 
Finally, it is clear that the two sets of lattices 1\ occurring in the 
theorem have the power of the continuum. 
We now come to the analogues of theorems 3 and 4. It turns out that 
CASSELS' considerations referred to at the end of section 2 are well suited 
in order to generalize theorem 3. We shall prove 
Theorem 10. There exists a Jordan measurable set V in Rn, of 
infinite measure, which has the property tha,t almost all lattices have only 
finitely many points in V. 
Proof. Let {.?.m} be any ascending sequence of positive integers, 
and let fkm denote the number of fractions jf.?.m (O<j<.?.m) which are not 
of the form kf.?.q, q<m. Now, as CASSELS proved, we can choose the 
sequence {.?.m} in such a way that 17) 
(21) .2 fkmf.?.m = o(M) as M -+oo. 
m:;i;M 
Further, for any such sequence {A.m}, there exists a sequence of positive 
numbers "P(m) decreasing to zero such that .2 "P(m) is divergent, but 
L I-'m "P(m) 
Am 
is convergent. We now consider the set V in Rn which is the union of 
the parallelepipeds 
(m = 1, 2, ... ), 
where e<nl is the nth unit vector (0, 0, ... , 1) and P is the set of points 
Y = (Yv Y2• · · ·, Yn) with 
IYil ~ 1 (i = 1, 2, ... , n-1), IYnl ~ "P(m). 
17) See CASSELS [2], theorem VI and lemma 7. 
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Then V m has content 2"1p(m), and so V is of infinite content. We shall 
prove that almost all lattices have only finitely many points in V. 
Let 7\ be an arbitrary lattice, with basis {x(l), x<2>, ... , x<">}. By per-
muting, if necessary, the points x<» we may obtain that 
det (x<l>, x<2>, •.. , x<n-Il, e<nl) =fo 0. 
Then there are a positive number r and n- l neighbourhoods 
of xU>, x<2>, ••• , x<n-l) respectively, SUCh that 
det (x<1>, x<2>, ••• , x<n-1l, e<n>) =F 0 if x<•> E Ni (i = l, 2, ... , n-1) 
and even for all systems {x(l), x<2>, ... , x<n-I>} with x<•> EN., the paral-
lelotope consisting of the points 
(in.l ~ l for ~ = 1, 2, ... , n) 
contains the sphere 
Further let a be an arbitrary positive number and let H denote the 
set of lattices /\ =XOlt, with basis {x<l>, x<2>, •.. , x<n>}, such that 
(i = 1,2, ... ,n-1), 
det (x(l),xi2>, •.. ,x<n-1l,x<nl) . 
det (x<1l,x<2>, ... ,x<n-1l, e<n>) = (! With a ~ (! ~ 2a. 
Here the point x<n> may be chosen, in a unique way, such that we have 
a relation of the following form: 
(22) 
with o;;;;O,< 1 (i= 1, 2, ... , n-1). For fixed x<1>, x<2>, ... , x<n-l>, we shall 
denote by Q=Q(x(l), x<2>, ... , x<n-I>) the parallelotope of points x<n>, such 
that (22) holds and /\ belongs to H. Further, we shall write 1/e=fi, so 
that 1f2a;;;;p;;;; 1fa. 
Next, if 1\ =XOU belongs to H, we denote by rm(X) the number of 
points u= (u1, u2, ••• , u,.) E 0/t for which 
Xu = u1 x<1l + u2 x<2> + ... + u., x<n> E V m 
and the fraction u,.jl.,. is not' of the form vj).k, k<m. Finally, we put 
(M = 1,2 .... ). 
We wish to derive an estimate for fer M(X)dX. First, we deduce, for 
arbitrary /\ E H, an estimate for the components of any integral vector 
u with Xu E vm. We have 
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where y EPm. Further, pm is contained in the sphere xr+x~+ ... +x~~n. 
and so y E P m can be written as 
Vn y = -(1hxnl+17zx<2l+ ···+17n-1x<n-1)+1],.e<nl), 
r 
where !nil~ 1 for i= 1, 2, ... , n. Hence, by (22) 
- (, {J(j Vn R(j Vn ) (lJ 
- Am 1 + r 1Jn f' 1 + r 1J1 X + · · · 
( , {J(j Yn R(j Yn ) (n-1) , (1 Yn ) {3 (n) + Am n-1 +-:;:-17nf' n-1 +-:;:-17n-1 X --r ll.m+-:;:-17n X • 
Hence 
Vn Vn ( Vn) Ui = Amfl(ji + -:;:-17nfJ(ji + -:;:-17i (i = l, 2, ... ,n--1), Un = Am+ -:;:-17n {3, 
and so 
(a+1) Vn 1 1 (a+1) Vn 
ra < Ui < a Am + ra (i = l,2, ... ,n-l), 
1( Vn) 1( Vn) 
-A -- ~u ~-A +-. 2a m r " a m r 
Next, let Xm(x) be the characteristic function of V m· Then, 
I* Xm(Xu), 
where the asterisk indicates that the summation is extended only over 
the integral vectors u = ( u1, u2, ••• , u,.) for which Xu E V m and the fraction 
u,./Am is not of the form vf~k• k<m (so that u .. #O). For fixed u; with 
u,. #0, we have 
J Xm(Xu)dx<nl = J Xm(ulxl1l+uzx<2l+ ... +u,.x<nl)dx<nl 
Q Q 
~ J Xm(ulx<ll+uzx<2l+ ... +u,.x<nl)dx<nl = 11"1· 2"tp(m). 
Rn u,. 
Hence 
J Ym(X)dx<nl = I* I J Xm(Xu)dx<nl 
Q Un u1.u, •... ,un-1 Q 
~ ~*I: .. I"(~ Am+ 2(a~;> Vn + 1 r-1 2"7p(m). 
n 
2Vn a+1 Here the number of terms is < a;-+ -a- flm• and further 
1: .. 1 ~·~: + 0 (A~2)' 
where the constant in the 0-term does not depend on m. So we find 
£ Ym(X)dx<nl ~ {4"(a+l)(!lm+O(l))(~ +0(~2))}1/'(m). 
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This gives 
where the constant in the 0-symbol only depends on the numbers a 
and r and the contents of Nv N 2, .•• , N.,_1, but not on M. 
Consequently, by the choice of the tp(m), fH r M(X)dX is bounded by 
a constant not depending on M. Let M tend to infinity. Then it follows 
that almost all lattices 1\ =Xo/1 in H contain only finitely many points 
Xu such that, for some m, Xu E vm ·and u.,j).m is not of the form vfJ..k, 
k<m. Here, if for a given lattice 1\ =Xo/1, the number {3=(!-1 is defined 
. by (22), then u., =(Am+ ( Vn/r)'l'}.,)/3 and so u., satisfies lf3J..m- u,;j ;;£; ( Vn/r){3. 
If {3 is irrational, then a given value of u.,fJ..m corresponds to at most a 
finite number of solutions of this inequality. Further, for fixed m and 
u.,, the primitive solution v, J..k contributes to Yk (X) in a sufficiently 
large part of H. We may conclude that almost all lattices 1\ in H 
have only finitely many points in V. ' 
By the arbitrariness of the points x<il and the number a, the assertion 
of the theorem now follows. 
For the generalization of theorem 4 we need the following 
Lemma. Let 0 be the cube jxii ;;£; l (i= l, 2, ... , n) and let 1\ be a lattice 
which has a basis contained in 0. Then each cube of the form 
where ai are arbitrary real numbers, contains a point of A • 
Proof. We use some well-known concepts from the geometry of 
numbers. In particular, we consider then successive minima of the cube 
0 with respect to the given lattice 1\, say J..1, ~ .... , A..,. Thus ~ is the 
smallest positive number such that ~0 contains at least i linearly inde-
pendent points of 1\ (i = l, 2, ... , n). Next, we consider the inhomogeneous 
minimum of 0 with respect to 1\ , say a; it is the smallest positive number 
such that for each g E R., the cube aO + g contains a point of 1\. We can 
easily obtain an estimate for a. 
First, since 0 contains a basis, and so a set of n linearly independent 
points of 1\, the numbers ~. ~ •... , J..., are all ;;;:;; l. Secondly,· by a well-
known result 18), 
(J;;;:;; l(~ +~+ ... +A. .. ). 
Hence, a;£;nf2. This implies the truth of the lemma. 
We now prove 
Theorem ll. Let V be a Lebesgue measurable set in R.,. Let E be the 
cube 0;£;xi;£; l (i= l, 2, ... , n). Let (! and d be positive numbers withe< l 
18 ) See H, MI~KOWSKI, Geometrie der Zahlen, Leipzig Berlin 1910, Kap. V, 
or JARNiK [6). 
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and suppose that there are infinitely many disjoint cubes g<kl +dE (g<k> E R .. ) 
on which V has density ;?;e. Then almost all lattices have infinitely many 
points in V. 
Proof. It is no loss of generality to suppose that d= 1. Let 0 be the 
cube lxil ~ 1 (i= 1, 2, ... , n). We consider the set H of all systems of n 
points {x(l), x<2>, ••. , x<nl} (or matrices with columns x(l), x<2>, ••• , x<n>) 
for which 
det (x(l), x<2>, ... , x<n>) =I= 0, x<i> E 0 (i = 1, 2, ... , n). 
We use the natural measure in H considered as a set in n2-dimensional 
space. Further, we arrange in some order the points u = ( ~' ~' ... , u,.) E Cft, 
denoting them in this order by uu>, u<2>, .... Next, for p= 1, 2, ... , we 
denote by wp the set of all X E H for which 
Xu<«> ¢ V for q > p. 
We first pr<?ve that the sets WP are measurable. For fixed u, let Z(u) 
be the set of all X E H with Xu= ~x<1 l + u2x<2> + ... + u .. x<nl E V. Here V 
is a measurable set in R .. and the set of the X for which Xu is any point 
in V is the intersection of H and a certain (n2 -n)-dimensional plane 
of given direction only depending on u. Hence Z(u) is measurable. Hence 
Wp= n (H/Z(u<«>)) is measurable. 
q>p 
Now suppose that ,uWp>O, for some p. We shall show that this leads 
to a contradiction. For fixed xu>, x<2>, ... , x<n-1>, let8=8(x<1>, x<2>, ... , x<n-1>) 
denote the set of points x<n) E 0 with {x<1l, x<2l, ... , x<nl} E wp. Since wp 
is measurable, this set is measurable for almost all xu>, x<2>, ••• , x<n-1 >. 
Further, since ,uWp>O, we have ,u8>0 on a set of systems 
of positive measure. Hence we can choose n- 1 linearly independent 
points X(l), x<2l, ... , x<n-1l E 0 in such a way that 
1) the subset S(x<u, x<2>, ... , a:;<n-ll) of 0 has a positive Lebesgue 
measure; 
2) the distances of the given points g<k> from the (n-1)-dimensional 
hyperplane .through 0, .x(l), x<2>, ••. , a:;<n- 1) are not bounded. 
Next, as in the proof of theorem 4, in virtue of 1), there exist a point 
x<n> = (~, a2, ••• , a .. ) E 0 and a positive number <5 with the following 
properties: 
a) the cube !xi-ail~ <5 (i= 1, 2, ... , n) is cont!'l>ined in 0 and for each 
point X in this cube det (x<1l, x<2l, x<n-ll, X)=/=0; . 
b) on each cube b,.~xi~ci(i=l,2, ... ,n) with a,-<5~b.~ai~ci~a,+<5 
( . -1 2 ) th t 8(-(1) -(2) -(n- 1l) h d "t -..1 ~ _,. ~- , , ... , n e se x , x , ... , x as ens1 y .:: - 2n e· 
Let 7\ be the lattice with basis {x(l), x<2>, ... , x<">}. Consider the cubes 
g<kl + nE. On each of these cubes, in virtue of our hypotheses, the set V 
has density ;;;;;n-ne. Further, by the lemma, each of these cubes contains 
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a point of 7\. Thus, for k= 1, 2, ... , let g<k> +nE contain the point 
Xum=u11x<U+y<2>+ ... +u,.~<n>, where l depends on k, say l=lp(k). 
In virtue of 2), the sequence of numbers u,.1 (l=lp(k); k=1, 2, ... ) is not 
bounded. Hence the values l=lp(k) also are not bounded. 
Now choose k such that l>p and u,.115>n. If x<n> describes the cube 
jx,-ail~t5 (i=1,2, ... ,n), then· the point X=u1~<ll+u2~<2>+ ... + 
+u,._1•1x<"-1'+u,.1x<n> describes a cube, whose center lies in g<~<>+nE and 
whose edges have length u,.1·215>2n, and so covers g<~<>+nE. Conse-
quently, x describes the cube g<~<>+nE, if x<n> varies in some cube 
P: bi~x.~c, (i= 1, 2, ... , n) contained in jx,-a,j ~ 15 (i= 1, 2, ... , n) and 
containing the point x<n> = (a1, a2, ... , a,.). In virtue of b), the set 
S(xU>, x<2>, ... , x<"-1') has density ~ 1- in_,.e on this cube. Then the set 
of points 
with x<n> EP () S(x<ll, x<2>, ... , x<"- 1'), which is contained in g<k>+nE, 
has density ~ 1- !n_,.e on g<~<> + nE. Further, by the definition of Wj) 
and S(x(l>, x<2>, ... , x<"-1') and the relation l>p, this set is disjoint with 
V. But V has density ~n_,.e on g<~<>+nE. This is a contradiction. 
00 
Theabovecontradictionshowsthat ,u W9 =0 for allp. Hence ,u( U Wj))=O. 
:P-1 
. This means that for almost all X E H there is an infinity of points 
u E 1¥/ with Xu E V. The same result can be proved, if instead of C we 
work with (XC, where()(. is a positive number. Hence, for almost all systems 
X of n linearly independent points there is an infinity of points Xu in V. 
Since the set of all lattices can be identified with a certain subregion 
of the set of these systems X, this proves the theorem. 
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